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^^ \ We study non-perturbative gluon pair production from arbitrary time dependent chromo-electric 

«vj ' field E"'{t) with arbitrary color index a =1,2, ...8 via Schwinger mechanism in arbitrary covariant 



background gauge a. We show that the probability of non-perturbative gluon pair production per 
unit time per unit volume per unit transverse momentum ,4 v^ — is independent of gauge fixing 
Q ' parameter a. Hence the result obtained in the Fynman-'t Hooft gauge, a=l, is the correct gauge 
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invariant and gauge parameter a independent result. 
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An exact non-perturbative result for electron-positron pair production from a constant 
electric field was obtained by Schwinger in 1951 by using proper time method [l|. In QCD 
this result depends on two independent casimir/gauge invariants Ci = [E"'E"'] and C2 = 



dabcE^E^EY with color indices a, b, c=l,2,...8 in SU(3) 



Recently, using shift theorem 



4], we have extended this study to arbitrary time dependent electric fie 
5] and to arbitrary time dependent chromo-electric field i?"(t) in QCD [6 



d E(t) in QED 
, |7|] . This result 



crucially depends on the validity of the shift conjecture which is not yet established. 

In [Tj Schwinger mechanism for gluon pair production from arbitrary time dependent 
chromo-electric field E^{t) was studied in the Feynman-t'hooft gauge a=l. In this paper we 
will extend this study to any arbitrary gauge fixing parameter a. We find that the result is 
gauge fixing parameter a independent. Hence the result obtained in [TJ] in Feynman-'t Hooft 
gauge, a=l, is the correct gauge invariant and gauge parameter a independent result. 

The following result was obtained for the probability of gluon pair production from ar- 
bitrary time dependent chromo-electric field E"'{t) in a=l gauge via Schwinger mechanism 

-^^^^JL ^ ^ g |«A,(0| lull + e-^|. (1) 

In the above equation 

A? = ^[1 - cos^(^)]; ^h = ^[1 + cos(^ ± em- cos39{t) = -1 + 6C,{t)/CUt) 



(2) 



where Ci(t) = [E%t)E%t)]- C2{t) = [dabcE%t)E\t)E%t)]^ (3) 

are two independent time-dependent casimir/gauge invariants in SU(3). 

We will present a proof of gauge fixing parameter a independence of eq. ([T]) in the 
following. 

In the bac...ou„d field n,e.hod of QCD fl B .he gauge field i. .he .u. of cla^ical 
chromo- field A"^ and the quantum gluon field Q°. The non-abelian field tensor becomes 

F^M + Q] = d,{At + Ql) - dMl + QD + 9r'\Al + Ql){Al + Ql). (4) 



The gauge field Lagrangian density is 



^91 = -:^f;:m + QW''[a + q] --[D,[A]Qn' (5) 



where the second term in the right hand side is the gauge fixing term which depends on the 
background field A" |8|, |9|. The covariant derivative is given by 

Df[A] = 6^^% + gr'^A^. (6) 

Keeping terms up to quadratic in Q field (for gluon pair production) we find from eq. ^ 

= \jd'x [{D,[A]F^'''^[A])Ql + Q^'^M';^MW] (7) 

where 

MitiA] = g,^[DM)D^iA)r - 2^r^F;jA] + (i - 1)(D,[A]D4A])'^'' (8) 

with^f^^ = (1,-1,-1,-1). 

The vacuum-to-vacuum transition amplitude for gluon is given by 

To evaluate the path integration in eq. (jH]) we change the variable 

Q;{x) = Q'li.^) -\ j rfVG J(x, x')D^{x')F'^^\x') (10) 

where we denote D°^{x) = D°^[A]{x) and F°^^{x) = F^^[y4](x). The Green's function is given 
by (using Schwinger's notation [l[) 

Gf^{x,x') = [<x\-\x'>]f^ = [<x\J^ d.e-^^|x'>C. (11) 

Under this change of variable we find from eq. ([H]) 

< 0|0 >^= lyi = e-^^- X e^^^'^ (12) 

Z[0\ 

where 

^tad = \ J d'^x J d'x'D^{x)F^^^{x)GT\x,x')D''{x')F,,,{x') (13) 

is the tadpole (or single gluon) effective action and 

SW = -^\n[ ^,^ ^"^^ 1 = -TrnnM^^'^^^M] - lnM„^''^^[0]] (14) 
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is the one loop (or gluon pair) effective action. 
The trace Tr is given by 

TrC = trLorentztrcoior / d^x < x\0\x > . (15) 

We choose the arbitrary time-dependent chromo-electric field E°'{t) to be along the z— axis 
(the beam direction) and work in the choice Ag = so that 

Al{x) = -5,,E\t)z (16) 

is non-vanishing. The color indices are arbitrary, a=l,2,...8. 

It can be seen that the tadpole effective action ^tad in eq- (1131) depends on the gauge fixing 
parameter a via the Green's function G'{"'^{x,x'). However, we will show in the appendix 
that the tadpole effective action Stad per unit time per unit volume and per unit transverse 
momentum {-^f^—) is zero for any no n- vanishing transverse momentum. Hence there is no 
tadpole contribution to eq. ([1]) and we will not consider it any more. 

We write eq. (E]) as 



where 



and 



MfM] = M,t .=i[^] + «' {D,[A]DAA]r (17) 



«' = (-- 1) (18) 

a 



Mt, .=i[A] = g,ADM)D'{A)f' - 2gr'^F^A]. (19) 



Hence we find 



TrlnM;-'^^[A] = Trln[M^^, ,^JA] {6^ + a' M^\U[A] {DM]D''[A])}r 

= Trln[M;; ti[A]] + TMS^S^' + a' [M-\iM] D,[A]D-^[A]r% (20) 



Since Trln[M^' ^^;^[yl]] was studied in p] we will evaluate the a' = (^ — 1) dependent term 
in this paper. 

n 

The ghost determinant is evaluated in m where we have used a=l. Since the ghost 

n 

Lagrangian density is a independent [7|], we do not discuss ghost in this paper. Whenever 
we mention a = 1 case in this paper, we assume that the ghost contribution is included. 



Using eq. (TTSll we find 

d^XT < xt\ / dt<t\ 

/ + 00 
dz < z\ ln[(5;; + a' M-\i^ DxD^Jlz > \t > \xt >]"''. (21) 

-oo 

Using eq. fITB]) in (^ we find 



rafe 



ab/ 



Dl'iA] = d^S'^" - 6,0 z tgA^\t) 



where 



Using the relation 



abc rpc/ 



A^^t) = ir^E\t) 



and by using shift theorem [^ (by shifting [z ^> z + * '^^"^ 



(22) 



(23) 



(24) 



gK{t) dti 



we find from eq. (121 



//■+ oo 
d^XT < Xt\ / f/t < t| 

^— oo 



+ 00 



dz < Z 



i d 



i d 



,AW*' '"1'^ ^ "'<"'''-- ^'^"'"'l'"%AW* 



> It > \xt > 



lab 



/r+oo 
d XT < xt\ / dt <t\ 
J — OO 

-foo id 1 

oo ^^<" + ^AM^'^* + "'''^(W''''^''^' ^A(t)rft 



2 d 



> \t> \xt > 



\ab 



where 



/ab 



1 cib/ 



D'l"[A] = (1 - 6,o) S^" d, - 6,0 z tgk'^^t) 



(/i is not summed) and 



M' 



ab 
liv, a- 



cabc Tpc 



-AA]=9,AD'M)^"('^)r - ^gr^KAA] 



(25) 



(26) 



(27) 



It has to be remembered that the z integration must be performed from -oo to +oo for the 

n 

shift theorem [4] to be apphcable. 

Expanding the Logarithm in eq. (123]) we find 



HS; + a'D'^^^D'T = a'[D',^,D 



rwiab 



,y2 



,/3 



, - 1 /-J 1 

2 ^^{D'Y ^ 3 

./5 



./4 



H W D' 



— ID' -^^D'T^ 

4 ^^{D'y ^ 



5 ^^ (/}')' 



(28) 



Summing the series we obtain 

H^l + «' Kj^2D'T = ln(l + «') K^.D'T. (29) 

Using the cychc properties of the trace {TrlD'^jjyTjD"']"''' = TrlD'" D'^jj^^]"-^) and using eq. 
()29|) we find from eq. ([25]) 

d?XT<XT\ dt<t\ 

J —CO 



i rf , „, 1 „,„ , r. ,-, , i (i 



/-r''^<^+^*i^^(i7F"'"'"'^+"'ii--+ 



> It > br > 



lab 



gA{t) dt 

//■+00 /■+00 id id 

^ "^ < "^1 loo ^' < '" loo ^" < " + ^AMS' ^"f' + "'^ '' + ^AW rf^ ^ 

|t > |xt >r^ = 8 ln[l + a'] f d^x f d^p = - 8 ln(a) / d^x f d^p (30) 

where we have used a' = (^ — 1) from eq. ( fTSi) . Using eq. ( !30l) in ( !20l) we find 

TrlnM;-"'' [A] = Trln[M;; ^JLi [A]] - 8 ln(a) / d^x / rf'p. (31) 

Similarly for the free part we get 

TrlnM;:'"^[0] = Trln[M;; °Li [0]] - 8 ln(a) / rf^a; / d^ (32) 

Using eqs. fl3T]) and fl32|) in eq. flT^ we find 



^(1) = ^TrilnM^'^^^iA] - InM^-'^^lO]] = ^Tr[lnM;;t=i[A] - lnM;;t=i[0]] (33) 

where the gauge parameter a dependence exactly cancelled from the interacting and free 
part. The imaginary part of this effective action S'^^^ gives real gluon pair production result 
(eq. ([1])) |7|]. Hence we find that the non-perturbative result for gluon pair production from 
arbitrary E"'{t) via Schwinger mechanism is independent of arbitrary gauge parameter a 
which is used in the gauge fixing term in the background field method of QCD. 

To conclude we have studied the Schwinger mechanism for gluon pair production in 
the presence of arbitrary time-dependent chromo-electric field £''*(t) in arbitrary covariant 
background gauge a with arbitrary color index a=l,2,..8 by directly evaluating the path 
integral. We have found that the exact result for non-perturbative gluon pair production 
from arbitrary E°'{t) via Schwinger mechanism is independent of arbitrary gauge parameter 
a which is used in the gauge fixing term in the background field method of QCD. We find 



that the non-perturbative gluon pair production result from arbitray E°'{t) via Schwinger 
mechanism is both gauge invariant and gauge parameter a independent. Gluon production 
from classical chromo field may be relevant to study production of quark-gluon plasma at 
RHIC and LHC. 
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APPENDIX A: 

By using eq. fITBl) in (^ we find 

iiD^'lAlY^ = (5^°((5"% - gA^\t)z) + S^^S^^p^ + d'^^d^'^py + d'^^d^'^p, 
= (5''°((5"% - gA"\t)z) + d^^d^^pT + (5"''5^=^p, (Al) 

where A"^(t) is given by eq. (!23l) . From eqs. ([8]) and (fTTj) we obtain 

/■OO /"OO 

G''f\x,x') = / ds[<x\ / ds 
^ Jo Jo 

\x' >]"^ (A2) 

where 

F; = 6,36,0 + 6,^5,3. (A3) 

Using eqs. (lA2p and (fT6|) in (fT3|) we find the tadpole effective action 

1 /■ f°° dE°'{t) 

Stad = 7: I d^XT (fx'rp dz dt dz dt' / ds — ; — [< xt\ < t\ < z\ 

2 J Jo dt 

^-s{5-;:[-{pQ~gA{t)z)^+pl+pl]- 2gA(t)F;-(i-l)(5^o(po-9A(t)z)-5^TPT-5^3Pz)(5''0(po-3A(t)z)+5'''rpT+<5''3p,)) 

\t' > \z' > x't >r'^^^- (A4) 

Inserting complete set of \pt > states (by using J d'^pxlpr >< Pt\ = 1) we find 

1 /■ f°° dE"'{t) 

SfAd = - d^XT d'^x'rp dz dt dz' dt' d^pT / ds — ; — [< xt\pt >< ^| < A 

2 J Jo dt 

f.-s{S-'^[-{po~9Ht)zf+pl+pl]- 2gA{t)F;:-{^-l){5^o{po-9Ht)z)-S^TPT-S^3P.W°{po~gHt)z)+S-Tp^+S-'-'p,)) 

\t' > \z' X prK >]l^ '^"^^ (A5) 



where | means the /i = 3 and u = 3 component of the Lorentz matrix. Using < q\p > = 
i_g«gp ^g obtain 

•^tad = TTTTT^ / d^XT d^XT dz dt dz' dt' d^pT / ds — Ai[e«T-PT < t\ < z\ 
2(27r)^ J Jo dt 

Integrating over x'rp (by using ^ cPx'rpC'^^T'PT = (27r)^ S^'^Kpt)) we find 



f dt' f dz' n ds —-^[< t\ < z\ 



dtd^xd^PT 2 

which has a (J'-^-* (pr) distribution. Hence we find for any non- vanishing pt 

4^ = 0- (A8) 

d^xd^PT 

Hence the tadpole (or single gluon) effective action do not contribute to eq. ([1]) of the 
non-perturbative gluon (pair) production rate ^i^^j — via Schwinger mechanism. 
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